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Abstract. For a maximal abelian subalgebra A C M in a finite von Neumann algebra, we 
consider an invariant due to Takesaki which is an equivalence relation on a standard probability 
space. We give several characterizations of this invariant and show that it can be reconstructed 
from the yl-bimodule structure of the GNS Hilbert space L^(Af). In particular, we show that 
this invariant is induced by the action of the normalizer on A. Hence, this gives a new proof to 
a question of Takesaki. 



In this paper, we study maximal abelian subalgebras (MASAs) in a finite von Neumann 
algebra with a separable predual. We will always denote such an inclusion as A C M and we fix 
a faithful normal unital trace r on M. The study of MASAs began with the work of Dixmier 
in 1954 [3]. (See [H] for a general introduction on the subject.) He considered the normalizer 
Nm{A) which is the group of unitaries u € M such that uAu* = A. In 1963, Takesaki introduced 
in [15] a measure theoretical invariant for a MASA. An explicit presentation of this invariant is 
given below. 

Let us first define the Takesaki equivalence relation. We refer the reader to [Ml Chap. 4, §8] 
for a presentation of the general theory of direct integrals of Hilbert spaces, representations, 
and von Neumann algebras. Let y be a compact Hausdorff space and i' a Borel probability 
measure on it such that A is isomorphic to the von Neumann algebra (Y, v) . We fix such 
an isomorphism and identify the two von Neumann algebras. Let L?'{M) be the GNS Hilbert 
space associated to the trace r and x i— )• the embedding of M in LF'^M). Let vr, p be the left 
and right actions of M on the Hilbert space L'^{M), i.e. '7T{x)p{y){zQ) = xzyVl. Consider the 
measurable field of Hilbert spaces {/Cj, t G Y} such that L?'{M) is equal to the direct integral 



such that p{A) becomes the algebra of all diagonalizable operators. Let B d M he a separable 
C*-subalgebra that is dense for the weak topology. Consider the measurable field of representa- 
tions of -B, {vTj, t e y}, such that 



where tt\b denotes the restriction to B of the standard representation. 
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Definition 0.1. Let TZ be the equivalence relation on Y defined by {s,t) € 7^ if and only if 
the representation vr^ is unitarily equivalent to TTf. It is the Takesaki equivalence relation. 

We write tTs — tt^ to say that the two representations are unitarily equivalent. 

Definition 0.2. Let E,F c Y'^ be some subsets, we say that E is weakly contained in F 
if there exists a nuh set TV C F such that £'\A^^ C F, where i?\iV^ = {x e E, x ^ N"^}. We 
denote this hy E ^ F. This defines a partial order. We say that E is equivalent to F if E F 
and F ^ E and denote it hy E = F. This defines an equivalence relation on the subsets of Y^. 
We denote the equivalence class of a subset E hy E. 

Definition 0.3. Let TZ be the equivalence class of TZ for =. It is an invariant for the MASA 
A C M that we call the Takesaki invariant. In particular it does not depend of the choice 
of the (7*-algebra B, see [15]. We say that a MASA is Takesaki simple if TZ = AY, where 
AY = {{t,t), t £ Y} is the diagonal of Y. 

Let us define an other equivalence relation. Consider the normaliser NMiA) and a countable 
subgroup G < Nm{A.) such that the bicommutant {GUA}" is equal to Nm{A)" inside M. The 
group G acts on A, hence this gives an action on the space {Y, v). We denote by Mg the orbit 
equivalence relation. This equivalence relation does not depend of the choice of the group G 
(see proposition II. 2p , therefore we simply denote it by J\f. 

Takesaki proved in [TF| theorem 1.2] that M ~< TZ. He asked if 7^ is a countable, quasi-invariant 
equivalence relation and if 7^ = TV. We recall that an equivalence relation is quasi-invariant if 
the saturation of a null set is still a null set. In the mid 70's, Hahn developed a theory of measure 
groupoids [8], [9]. Using this theory, he proved in [10] that TZ = N . 

The author wants to indicate that all the results presented in this paper have been proved 
without knowing the work of Hahn. We give here an elementary proof of the equivalence TZ = N . 
Furthermore, we define a third equivalence relation B that we call the bimodule equivalence 
relation and prove that TZ = B. In particular we show the surprising fact that the Takesaki 
equivalence relation can be reconstructed from the A-bimodule structure of L^(M). 

The bimodule equivalence relation is defined in a similar way as TZ except that we replace 
the separable weakly dense C*-subalgebra i? C M by a separable weakly dense C*-subalgebra 
D C A (see definition [TT]) . 

One of the key arguments to prove this theorem is to show that the Takesaki equivalence 
relation is quasi- invariant. We introduce a subset y C Y x Y that we call the set of atoms (see 
definition II. 4[) . This set has been studied in |13j and in [12] . We identify 3^ as a symmetric 
relation on Y and prove that it is quasi-invariant. Furthermore, we show that B is weakly 
contained in y. Therefore, TZ and B are quasi-invariant. We also prove that y is equivalent to 
TZ under the relation " =" , hence the main theorem of this paper is the following: 

Theorem. Let A <Z M he a MASA in a finite von Neumann algebra, then the Takesaki equiv- 
alence relation, the bimodule equivalence relation, the set of atoms and the equivalence relation 
induced by the normalizer are equal up to a null set, i.e. 

TZ = B = y = M. 
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In particular a MASA is singular (its normalizer is equal to the unitaries of A) if and only 
if it is Takesaki simple. We illustrate this result with a proposition on inclusions of countable 
groups, see proposition [3?T1 Furthermore, we deduce a result on the normalizer of tensor product 
of MASAs. 

Corollary. Consider a family of MASAs in some von Neumann algebras {Ai C Mi, I € A}, 
where A is a countable set. For any I ^ K, we consider a faithful trace Ti on Mi. Let A = Ai 
and M = Af/ be the tensor products of those von Neumann algebras with respect to the traces 
Ti. The von Neumann algebra generated by the normalizer Nnj{A) is equal to the tensor product 
of the von Neumann algebras generated by the normalizers A^j\/j(A;), i.e. 

NMiA)" = I^Nm^{Ai)". 
This result has been proved by Chifan [2] using analytic technics. 

The rest of the paper is organized into 3 sections. In the first one we fix some notations and 
review some basic facts about equivalence relations. We define the equivalence relation induced 
by the action of the normalizer on the algebra A, the bimodule equivalence relation and the set 
of atoms. In the second section, we prove the main result of this paper. In the third one we 
illustrate the main result in the context of representations of discrete countable groups. Then 
we prove the corollary on tensor product of MASAs. 

1. Notations and definitions 

In this section, we fix some notations and define the bimodule equivalence relation B, the 
equivalence relation M induced by the action of the normalizer and the set of atoms y. Consider 
the C*-algebra of continuous functions C(Y). Let i? C M be a C*-subalgebra which is separable 
and weakly dense. The equivalence class of TZ does not depend on B. Therefore we can assume 
that B contains the C*-algebra C{Y). Hence we have the following square of inclusions: 

L°^(y,zv) C M 
U U . 

C{Y) C B 

Definition 1.1. Consider the bimodule equivalence relation B which is defined such that 
£ B if the representation iTt\c{Y) is unitarily equivalent to Trs\c{Y)- 

Let z/) be the group of Borel automorphisms of (Y, v) that preserve the class of the 
measure v. For any countable subgroup H < Nm{A) we can define a group homomorphism 
@^ : H — > J(Y', I/) such that for any u £ H and any f £ A, u*fu = f o z^-almost 
everywhere (i^-a.e.). Consider the orbit equivalence relation 

f^H = {{e^it),t), teY,ueH}. 

If n € Nm{A) we denote by Qu a given automorphism such that u*fu = f o v-a.e... The 
following proposition justifies the definition of N given in the introduction: 
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Proposition 1.2. There exists a countable subgroup G < Nm{A) such that G" = N]\j{A)" C 
M. We denote by N the orbit equivalence relation Mg- If H < Nm{A) is a countable subgroup 
then Mh A/". Furthermore, Mh = if o-nd only if 

{HUA}" = NM(.Ay'. 
Before proving this proposition we recall a useful lemma: 

Lemma 1.3. Consider a unitary u G Nnj{A). Suppose that there exists a Borel subset E CY 
such that for any t G E, @u(t) ^ t. Then, t{uxe) = 0, where xe is the characteristic function 
of the set E. 

Proof. Let us show that Ea{uxe) = 0. Let / G L°°(y, v) be an injective function. We have that 
fEA{uxE) = EAifuxE) = Ea{u{u* fu)xE) = EA{u{f o Qu)xe) 
= EA{uxE){f o e„) = (/ o Q^)Ea{uxe). 

We identify Ea{uxe) with a function of the algebra L°°(y, v). We have that {f — f oQu){i) EA{uXE){t) 
a.e.. The function / is injective and B„(t) ^ t for any t £ E. Therefore, EA{uXE){t) = a.e., 
hence Ea{uxe) = 0. This implies that t{uxe) = t o Ea{uxe) = 0. □ 

Let us prove the proposition: 

Proof of the proposition Let G < Nn.jiA) be a countable subgroup which is dense for the 
norm of L'^{M). This group satisfies that G" = Nm{A)" . To prove the two other statements 
of the proposition it is sufficient to show that for any countable subgroups H,K < Nm{A) we 
have that 

{H U A}" C{KU A}" 

if and only if Mh -< A/a-. 

Suppose that Mh -< Mr, let u G {H U A}" be a unitary. Let us show that u G {K U A}" . Let 
{tifc, /c ^ 1} be an enumeration of the countable group K. Consider the sets 

i?, = {t G y, efjt) = e„(t)} 

and 

Fk = Ek\\jEj. 

j<k 

We see immediately that the sets Fk are measurable. Let pk be the projection equal to the 
characteristic function of the set Ffc. If A; 7^ then v^Pk -L vipi. Therefore, the sum 

00 

y^^vkPk- 

k=l 

converges in the von Neumann algebra {K U A}" to an element v. By hypothesis, the graph of 
Qu is weakly contained in Mr- This implies that [Jf^ F^ is a null set. Thus, v = Ylk "^kVk is a 
unitary in {K\jA\" and by construction 0^ = v-a.e.. Therefore, vu* is a unitary of A, thus 
ue{KU A}". 

Suppose that {H U A}" C {K U A}" . Consider a unitary u £ H and the set 

E = {teY, {Q^{t),t)iMK]- 
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The set E is measurable. Let v = up, where p = xe- Consider a unitary w G K U U (A), where 
U{A) is the unitary group of A. Let us show that v is orthogonal to w, i.e. t{w*v) = 0. We 
have that Qw*u = ° &u By assumption, for any t G E, 0^(t) / @w{t) a-e., hence 

&w*u{t) t a.e.. We can apply lemma [Oj thus, t{w*v) = 0. Therefore, the partial isometry v 
is orthogonal to the von Neumann algebra {K U A}" . This implies that p = and so the graph 
of is weakly contained in the equivalence relation Mr- So, Mr -< J^K- D 

We define the set of atoms. Let A = {'k{A), p{A)}" C B(L^(M)) be the abelian von Neumann 
subalgebra generated by the left and right actions of A on L?'{M). Consider the coordinate 
projection p : Y"^ — > Y, p{s,t) = t and the flip 9 : Y"^ — > Y"^, 9{s,t) = {t,s). Following 
the proof of O Theorem 1], there exists a Borel probability measure /i on Y^ such that the 
von Neumann algebra A is isomorphic to L°°{Y'^,ii). It is easy to see that /x is quasi-invariant 
with respect to the fiip, i.e. ~ /i. Furthermore, the push-forward measure is in the 
equivalence class of the measure therefore by [U Chap. 6, §3] there exists a disintegration of fi 
with respect to {p, u). It means that there exists a unique a.e. family {fit, t G Y} of probability 
measures on Y, such that for any positive measurable function / : Y^ — > M_|_, the map 

t ^ j^f{s,t)diit{s) 

is measurable, and 

Kf) = l^l^fis,t)df,tis)du{t). 

Definition 1.4. The set of atoms of the MASA ^ c M is the set 

y = {{s,t) G Y^, fxtiis}) > 0, > 0}. 

The set y defines a symmetric relation on Y, hence we call orbit of t the set of s G 1^ such 
that {s,t) G y. Note that 3^ is a measurable subset of Y'^, see [12l Proposition 3.3] for a proof. 

2. The main result 

Theorem 2.1. Consider the equivalence relations TZ, B, M and the set of atoms y. Then, 

n = B = y = M. 

Proof. By definition, TZ C B. Let us show that B ^ y. Consider a continuous function / G C{Y). 
Claim: The scalar f{t) is an eigenvalue of the operator iTtif) z^-a.e.. Proof of the claim: The 
inclusion A C M gives us an inclusion of A-bimodules aL°°{Y,v)a C aL'^{M)a. As a right 
A-module, 

L^{Y,u)a = Ctdu{t), 

where Ct is the complex vector space of dimension one and vrt(/) acts by multiplication by f{t) 
on it v-a.e.. Therefore, f{t) is an eigenvalue of iTt{f) u-a.e.. 

The von Neumann algebra A is isomorphic to L°°{Y'^,fjL) and it acts on the Hilbert space 
L'^(M). Hence, there exists a measurable field of Hilbert spaces 'Hs,t over (y^,/^) such that we 
have an isomorphism of ^-modules: 

(t):L\M)c^ r ns,tdfi{s,t). 
Jy2 



6 



A. BROTHIER 



We define the following direct integral of Hilbert spaces 

^t = J 'Hs,tdfit{s). 

By a result of Guichardet [Tj Proposition 1], we have an isomorphism of right ^-modules: 



L\M)a^ J\tdiy{t). 



Consider a continuous and injective function / G C{Y). For any t & Y, we associate to / an 
operator ft G B(/Ct) determined by 

M = f{s)Csd^^t{s), 

for any 

Jy ^^^'^^'^^^ ^ Jy '^s,tdnt{s). 

We remark that 

7r(/) = ^ ftduit). 

By uniqueness of the disintegration there exists a null set N C Y such that iTt{f) = ft for any 
t G Y\N. The claim implies that there exists a null set Nq such that for any t G Y\Nq we have 
that f{t) is an eigenvalue of vrf(/). Let {so,t) G B\{N U Nq)'^, hence we have that /(sq) is an 
eigenvalue of the operator ft- Then there exists a non null vector 

r® 

V = J rjsdljLtis) G ICt 

such that ft{r]) = f{so)r], meaning that (/(s) — /(so))^s = /it-a.e.. This implies that sq is an 
atom of nt because / is injective. By exchanging the role of sq and t we get that {so,t) G 3^. 
Therefore, B ^ y. 

Let us show that y ~< Af. Claim:Let X C 3^ be a measurable subset. The following assertions 
are equivalent: 

(1) X is a null set for fi; 

(2) pi{X) is a null set for v; 

(3) P2iX) is a null set for v. 

Proof of the claim: We have that 



fi{X) = / {s,t) G X})du{t) = / fxt{{s, {s,t) G X})du{t). 

Jy Jp2{x) 

The set X is contained in y, hence for any t G p2{X), iJ-t{{s, {s,t) G X}) is strictly positif. 
Therefore IJ-{X) = if and only if P2{X) is a null set. We know that the class of the measure ^ 
is invariant under the flip; thus, ^{X) = if and only if ^(6{X)) = if and only if pi[X) is a 
null set. 

Let h : N C Y — > y be a measurable map defined on a measurable subset N C Y such that 
its graph is weakly contained in y. We have that pi{Tfi) = h{N) and P2(Xh) = X. Thus by 
the claim we have that I'^N) = if and only if h{N) is a null set. 



THE TAKESAKI EQUIVALENCE RELATION 



7 



The set of atoms is measurable, hence there exists a /i-null set N d Y"^ such that y\N is 
a Borel set. By |TT| Theorem 18.10] there exists a countable family of Borel automorphisms 
hk G '^(y, f) such that 



k 

t2 



The claim implies that there exists a null set Nq C Y such that N C Nq. Therefore y is 
equivalent to the union of graphs Ufc-'^^tfc- To conclude that y -< M, we need to show that for 
any there exists a unitary G A^m(^) such that Qu^. = i^-a.e.. Hence, by considering the 
subgroup of Nm (A) generated by the Uk we will get that y -< M. 

Lemma 2.2. Consider a Borel automorphism h € 3{Y,u) such that its graph is weakly 
contained in y . Then, there exists a unitary in the normalizer of A, u € Nm{A), such that 
0^ = h v-a.e.. 

Proof. Let us write L?'{M) as a direct integral of Hilbert spaces over the measure space (y^, ^): 



,P:L\M) / ns,tdfi{s,t). 



Consider a vector 



such that llCstllWa,* = 1 fi-a.e.. Then the ^-bimodule generated by the vector is giving us 
an embedding of bimodules L'^{Y'^,ij,) C L^{M). Let ^ = S C L^{M) be the 

characteristic function of the graph of h. The preceding claim implies that fJ^iXh) is strictly 
positif. It is easy to see that \\C\\2 = l^i^h): hence ^ is different from zero. Furthermore, for any 
/G A 

(1) f-C = C-foh-\ 

The vector ^ is an affiliated operator to M, therefore it admits a spectral decomposition ^ = 
where li is a partial isometry of M and |^| G L^(M)_|_. Let p be the support of the partial isometry 
u. It is a projection of A, hence there exists a measurable subset E CY such that 1 — p = xe- 
We have that 

r® 

Ik-Cf = / XE{s)xrh{s,t)dfi{s,t) = n{{{s,h{s)), s e E}). 

By the preceding claim, /u({(s, h(s)), s G -E}) = if and only if I'^E) = 0. Therefore, 1 — p = 0. 
This implies that u is a unitary. We have that ufu* = f oh for any f ^ A. □ 

Therefore, we have that y -< M . 

Let us show that N <1Z. Let G < Nm{A) be a countable subgroup of Nm{A) that implements 
the orbit equivalence relation A/". Let u G G, by [I5[ Theorem 1.2], the graph of 6^ is weakly 
contained in TZ. Therefore, M ~< TZ. This achieves the proof of the theorem. □ 

Corollary 2.3. A MASA in a finite von Neumann algebra is singular if and only if it is 
Takesaki simple. 

Proof. This is a direct consequence of the fact that TZ = Af. □ 
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Remark 2.4. Consider a A-bimodule a'^a- We can define an equivalence relation as follows. 
Let {ICt, t E Y} be a measurable field of Hilbert spaces such that the right A-module Ha is 
isomorphic to the direct integral 



Let B-^ be the equivalence relation {{s,t) G Y'^, Xt ~ A^}. If = L'^{M) as A-bimodules, we get 
that By_ is the bimodule equivalence relation B. Therefore, the bimodule equivalence relation 
can be reconstructed from ^L^(M)/i, and so does the equivalence relation M by the theorem 12. li 
Feldman and Moore [U [S] showed that a Cartan subalgebra is characterized by the equivalence 
relation N and a 2-cocycle. Hence, a Cartan subalgebra is characterized by the ^-bimodule 
L?'{M) and a 2-cocycle. 

3. Illustration and consequences of the main theorem 

3.1. Group von Neumann algebras. Let i7 < G be an inclusion of discrete countable groups 
such that H is abelian and 

(2) for any g € G\H the set {hgh^^ , h € H} is infinite. 

This implies that the inclusion of group von Neumann algebras L[H) C L{G) is a MAS A 
in a finite von Neumann algebra (see Godement [6]). Let C C G be a system of left coset 
representatives of H. We denote the unity of G by 1 and assume that 1 G C. Consider two 
functions a : G —j' C and r] : G H such that for any (7 G G we have g = a{g)r]{g). If / is a set 
we denote the Hilbert space of square summable complex valued functions on / by ^^(/). We 
denote the standard basis of £^(G) (resp. i'^{H), resp. ^^(G)) by {sg, g G G} (resp. {eh, h G H} 
resp. {Ec, c G G}). Let 7r,p : G r> £^(G) be the left and right regular representations of the 
group G. 

Let us decompose vr with respect to the right action of H. Consider the dual group of H with 
its Haar measure {H,iy) and the Fourier transform T : £'^(H) — > Lp'iH^v) defined such that 
J-{eh){t) = t{h) for any h £ H and any character t G H. We have an isomorphism of right 
L(f/')-modules (j) : f{G) — > i'^{C) ® L'^{H, u) given by the formula 

0(eg)(t) = t{r]{g))e^^gy 

Consider the representation nt : G r\ I'^iC) defined such that 

for any t G H , g £ G and c G G. An easy computation shows that this gives a disintegration of 
the representation vr with respect to the right action of H, i.e. 




Let A : A — > M(l-L) be the left action of A. Consider the measurable field of representations of 
C{Y), {Xt, t G Y}, such that 



A 




TT = / 'Ktdu{t). 

Jh 
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Proposition 3.1. If s,t are two characters of H , then the two representations Tig and vrj 
are unitarily equivalent if and only if their restrictions to the ahelian subgroup H are unitarily 
equivalent. Denote by A C M the inclusion of von Neumann algebras L[H) C L{G). The group 
normalizer Ng{H) generates the same von Neumann algebra than the normalizer of the algebras 
Nm{A). 

Proof. We recognize the Takesaki equivalence relation and the bimodule equivalence relation of 
L{H) C L{G) which are respectively TZ = {{s,t) G H'^, vr^ ~ vrj and B = {{s,t) G H"^, tTs\h — 
7rt|_ff}. Consider the orbit equivalence relation A/q given by the action ad : Ng{H) r\ H. If 
TZ = B, then we have the first assertion of the proposition. If A/q = B, then the proposition 
11.21 implies the second assertion of the proposition. Let us show that TZ = B = A/q. By 
definition, TZ C B. Let us show that B C A/q. Let (s,t) G B, and v a unitary of £'^{C) such that 
v*TTs{h)v = TTt{h) for any h €z H. Consider h ^ H, 

Trs{h)v{ei) = V7rt{h){ei) = v{t{h)ei) = t{h)v{ei). 

We denote by y = ^cecUc^c the vector v{ei) G ^^(C), decomposed in the orthonormal basis 
{Ec, c G C}. Thus, for any h £ H and any c G C, 

(3) ycs{7]{hc)) = y„(hc)t{h)- 

Let c G C such that / 0. The last identity tell us that for any h in H, |yo-(/ic)l = bcj- 
Therefore p{HcH) is finite, where p : G ^ G/H is the canonical projection on the set of the 
right cosets. The condition [2] implies that c is in the normalizer Ng{H). The equation [3] implies 
that s = adc{t). Hence B C Aq. 

Let us show that A/q C TZ. Consider {s,t) G A/q and g G Ng{1T) such that s = adg(t). Let u 
be the unitary of £^(C) defined as follows: 

u{ec) = s{ri{cg))e„(^cg), 

where c G C. An easy computation shows that untu* = tTs, hence A/q CTZ. □ 

3.2. Tensor product of MASAs. In this section we compute the set of atoms for MASAs 
constructed from tensor product of MASAs. We deduce a result on the tensor product of von 
Neumann algebras generated by the normalizers. 

Let A be a countable set and {Ai C Mi, i G A} a family of MASAs in some finite von Neumann 
algebras. We fix a trace ti on each M;. Consider the infinite tensor products of von Neumann 
algebras with respect to the traces r; 

(g)A C (g)M,. 

ieA ie\ 

We denote those von Neumann algebras by ^4 = Ai and by Af = Mi . The Tomita 
commutant theorem implies that ^ C M is a MASA. 

For any / G A, we consider a standard probability space (Yi, ui) and identify Ai with L°°{Yi, vi). 
Let L'^{Mi) be the GNS Hilbert space and irupi : Mi — > 'E,{L'^{Mi)) the left and right actions 
of Ml. Consider the von Neumann algebra Ai = {TiiiAi) U pi{Ai)}" C 'B{L'^{Mi)). Let pi be 
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a measure on such that jLt;(AF;) = 1 and such that Ai L°° {Yi^ , fii) , where AY; is the 
diagonal. Consider a disintegration of fii with respect to the projection pi{s,t) = t: 

1^1= i IJ'l,tdi^lit)- 
JYi 

We denote the set of atoms of Ai C Mi by yi. Let Y be the cartesian product of the Yi with the 

(j-algebra generated by the subsets of Y of the form Y[i , where X; C Y/ is a measurable subset 
that is equal to Yi for all but a finite number of / € A. Let = ^lUi be the unique probability 
measure on Y that satisfies y{X\i Xi) = vi{Xi). We identify A with L°°{Y, v). We denote an 
element of 1" by i and its /-component by t; . 

Theorem 3.2. The set of atoms y of A C M is the set of couples {s,t) such that for any I 
{si, ti) € yi and si = ti for all but a finite number of I & A. 

Proof. Let be the image of the unity of Mi in the Hilbert space L^{Mi). Consider the 

infinite tensor product of Hilbert spaces L?'{Mi) with respect to the vectors O'. There is a 

unitary transformation between L'^(M) and (^jg^L^(M/) that conjugates the actions vr, p with 
the tensor product of actions (8)ieAvr; and ^1(zaPi- For any I G A, there exists a measurable field 
of Hilbert spaces {T-Lg^^, s,i G Yi} such that the yl;-bimodule L^(Mi) is isomorphic to the direct 
integral 

/ Hi^tdfxi{s,t). 
Consider the disintegration of the vector which is 

nLdni{s,t). 



For any couple G Y'^ , we consider the infinite tensor product of Hilbert spaces 'Hs,t = 

®leK '^suti "^^^^ respect to the vectors ^ii^tf For any finite subset E C A, there exists a unique 
measure fiE on Y'^ that satisfies: 

^e(YIXi) = II^i{Xi)x H ^iiiXiDAYi). 
leA leE ieA\E 

Consider the measure class C of Y^ generated by all the measures fiE- Let fi be an element of 
the class C. It is clear that the ^-bimodule L'^{M) is isomorphic to the direct integal of Hilbert 
spaces {s,t) eY'^} over the measure /x. It means that 

L\M) ~ / Us,tdii{s,t). 

Consider the projection of Y"^ p{s,t) = t. Let 

/X = y l^tdi^it) 

be a disintegration of fi with respect to p and let y be the set of atoms of ^ C M. By the 
construction of n, it is clear that y is equal to the set of couples {s,t) such that for any I 
{si,ti) G 3^/ and si = ti for all but a finite number of I. □ 
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Corollary 3.3. Let Nj^f^{Ai) be the group normalizer of the MASA Ai C Mi, and consider 
the von Neumann algebra generated by those normalizers 

Then, 

Nm{A)" = (^NmMi)"- 

l&A 

In particular, a tensor product of singular MAS As is a singular MASA. 

Proof. For any / G A consider a countable subgroup Gi < Nmi{Ai) such that G'l' = N]\j^{Ai)" C 
Ml. By proposition 11.21 and theorem 12.11 we have that the orbit equivalence relation Afci is 
equivalent to yi . Let G be the countable subgroup of Nm (A) generated by elements of the form 
u = (di^AUi, where ui G Gi and ui = 1 for all but finitely many I £ A. We see immediately that 
the orbit equivalence relation induced by G is equal to the set of couples {s, t) such that for any 
/ G A, (s/, t;) € and si = ti for all but finitely many / G A. Therefore the theorem 12.11 implies 
that Mg = 3^- Hence, by proposition 11.21 we have that G" = Nm{A)" C M. By construction 

G" = (g)Gr = (g)iVM,(A)" C (g)L2(M,). 

/gA l£A IgA 

Therefore, 

Nm{A)" = (^Nm^{Ai)". 
leA 

□ 
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